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M O L E C U L A R - K I N E T I C  G E N E R A L I Z A T I O N  O F  T H E  

H E A T - T R A N S F E R  E Q U A T I O N  

V.  L .  K o l p a s h c h i k o v  a n d  A .  A.  B a r a n o v  UDC 533.72 

Star t ing f rom m i c r o s c o p i c  theory ,  the authors  gene ra l i z e  the heat -conduct ion equation to the 
ca se  where  the g rad ien t s  in m o l e c u l a r  t r a n s p o r t  ve loc i t i es  va ry  apprec iab ly  over  a mean  f r ee  
path. 

To obtain a hydrodynamic  desc r ip t ion  of a r a r e f i e d  gas  as a continuous med ium one usually begins f rom 
the Bol tzmann equations and uses  the method of succes s ive  approx imat ions  to der ive  the equations of an ideal  
c o m p r e s s i b l e  fluid, the Nav ie r - -S tokes  equations,  the Barne t t  equations and the s u p e r - B a r n e t t  equations. How- 
eve r ,  in the work of Predvodi te lev  [1, 2] and T r u e s d e l l  [3, 4] it was noted that  equations of higher  o rder  than the 
Navie r - -S tokes  equations st i l l  give a poor  descr ip t ion  of the behavior  of a r a r e f i ed  gas  (at l eas t  no be t te r  than 
the Navie r - -S tokes  equations). Severa l  d i f ferent  approaches  f r o m  this bas i s  have been suggested.  Fo r  ex-  
ample ,  in the work  of Val lander  [5, 6] a method was sugges ted  for  genera l iz ing  the Bol tzmann equation, with 
subsequent  t rans i t ion  to equations of hydrodynamic  type. Severa l  modif ica t ions  of the Navier - -S tokes  equations 
have been p roposed  by Ladyzhenskaya  [7]. 

Predvodi te lev  [1] genera l i zed  the Navie r - -S tokes  hydrodynamic  equations,  using the Maxwell method [8] 
and s ta r t ing  f rom the molecu la r -k ine t i c  bas i s  of the hydrodynamic  equations. The Maxwell approach to 
der iving the equations of mot ion of a v iscous  fluid f rom the kinetic theory  of gases ,  in con t r a s t  with the method 
of der iving the hydrodynamic  equations f r o m  the Bol tzmann equations,  as developed in the work of Enskog 
and Chapman [9], does not r equ i re  knowledge of the dis t r ibut ion function and is  based on the following a s s u m p -  

tion. 

The t r a n s p o r t  ve loc i t i es  of the two colliding molecu le s  a r e  equal; this  means  that a continuum in motion 
has a f i l amen ta ry  s t ruc tu re ,  i .e. ,  the min imum dimensions  of the je t s  co r r e spond  to the mean  dis tance 
between molecu les .  The f i r s t  to give attention to the poss ib i l i ty  of genera l iz ing  this hypothesis  was P r e d -  
vodi te lev [1], who s t r e s s e d  that  the phys ica l  si tuation cor responding  to Maxwell '  s hypothesis  will not hold for  
mot ion of a continuum at la rge  enough speed nea r  a wall or  when vor t i ces  a re  generated.  In addition, the 
breakdown of the Maxwell  hypothesis  that  the m o l e c u l a r  t r a n s p o r t  speeds  a re  equal will be evident in motion 
of a r a r e f i e d  gas ,  when the flow d imens ions  a r e  comparab l e  with the ave rage  dis tance between molecules .  
The Predvodi te lev  hypothesis  was fu r the r  developed in r ega rd  to genera l iza t ion  of the equations of hydro-  

dynamics  in the work of Bubnov [10, 11]. 

In the p re sen t  pape r  the concept  of work [1] is  used to der ive  a genera l i zed  heat-conduct ion equation for  
a r a r e f i e d  gas ,  when the g rad ien t s  of the t r a n s p o r t  speeds  va ry  apprec iably  over  a mo lecu la r  mean  f ree  path. 

1. D e r i v a t i o n  o f  t h e  B a s i c  E q u a t i o n  

To der ive  a genera l i zed  heat-conduct ion equation we begin f r o m  the energy  equation, obtained f r o m  

m i c r o s c o p i c  t heo ry  [12]: 
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0 p ( ~ §  ,-q - -  [ (  0 u Ou _ ~  Ou ) 
Oz 

w h e r e  u, v, and w a r e  t he  m o l e c u l a r  v e l o c i t y  c o m p o n e n t s ,  d e s c r i b i n g  an o r d e r e d  mot ion ;  ~, ~, ~ a r e  the  
m o l e c u l a r  v e l o c i t y  c o m p o n e n t s  d e s c r i b i n g  a r a n d o m  mot ion ,  such  tha t  t he  t o t a l  s p e e d  of a m o l e c u l e  i s  

V,: = u + ~, Vu = v + rl, V~ = w + ~ ; (2) 

the  q u a n t i t i e s  u0, v0, w 0 a r e  v e l o c i t y  c o m p o n e n t s  fo r  an e l e m e n t  of h y d r o d y n a m i c  v o l u m e ;  ~ f  i s  the  v a r i a t i o n  
in  the  quan t i t y  f, due to  m o l e c u l a r  c o l l i s i o n s ;  and the quan t i ty  q e q u a l s  

q = ~- (:. - ~1: + ~ )  (3) 

H e r e  and be low the  b a r  s i g n i f i e s  a s t a t i s t i c a l  a v e r a g e .  To c a l c u l a t e  the  m e a n  va lue  of ~3, fo l lowing  [13], we 
s h a l l  f ind  the  quan t i t y  

Bs(~s) 2 ~ " ,3 = I (V,x - -  V~x)gbdbde, (4) 
0 0 

w h e r e  the  v e l o c i t y  a f t e r  the  c o l l i s i o n ,  a c c o r d i n g  to  [13], i s  

V1. = Vx~ -7 (V2x - -  Vlx) cos~ O --  I gz __ (V~ - -  V~::)* sin 0 cos 0 cos e. (5) 

H e r e  

g~ = (V,~ - -  VI~) ~ § (V~u - -  Vly)* § ( V ~  - -  Vlz)'.  

Then  f r o m  Eq. (4) i t  i s  e a s y  to ob ta in  

[ f ,s . / - - - - ~  [ 1  (A1 ._A. ,_A3)(V2~_Vx~)  a 
0 0 

, 3 3 
-7 -~ V,x(V2,:-- V~)'(A~ - -A , )  --4 An[g"--(V~,~-  V~:r 

w h e r e  m i s  the  p a r t i c l e  m a s s ,  and  k i s  s o m e  c o n s t a n t ;  the  fo l lowing  no ta t ion  i s  u s e d  [13]: 

A 1 --  4~ 1 a COS* 0da, 
b 

(6) 

(7) 

(s) 

Using  Eqs .  

A~ = ~ t' ~ sins 20d~, 
b 

Aa ---- ~ i a sin S 20 cos* 0d~. 

(4) and  (7), we e a s i l y  f ind  the  e x p r e s s i o n  

(9) 

(:to) 

V ~  p2 { 1 (A 1 - -  As _ As ) [(u~ - -  ul) s -+- 6 ~ (u 2 - -  ul) ] 

3 
+ ~. (A~ -- A,) [u, (u~-- uy+ 2u~ ~ -- 2 ~ (u= -- u~) § ~] 

3 
+ -~  A~ [(u~ --u~) (v~ - -  Vl) + 2 ~  (u 2 - -  u 0 + (u~ - -  ua) (w~-- wl) ~ 

-~ 2~-2 (u2 - -  ul) -7 4 ~-~(v2 - -  v:t) -+- 4~-(w 2 - -  wx) l 

+ 43-- AI [ul (02 - -  r)l) "~ -~ 2u1"~2 -~- u I (w 2 - -  wl) z + 2 ~:2t/1 
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- -  2~q (v n - -  vx) - -  2 ~ (w n - -  wx) + 012 + ~n] 

+~_3 A1 [".I (un - -  ~ )  - -  2~ul  + ~ (un - -  .1) --~?] } 

In Eq. (11) we now drop t e rms  of higher order  of smal lness  and also the t e rms  (u2--ul) 2, 
so on; in addition, we shall  assume that  

= ~n = ~2 = k ,  ~ = ~ = ~-~ = 0. (12) 
9 

Then, taking account of Eq. (11), we can simplify appreciably to obtain 

~ 3 A2 ~ + 3 

v 4 2- P 

In a s imi la r  way we can derive an expression for 

Bs(~l]2 ) =2 -2-~-' [ 4 " =- 4- " 

- r ' (1  A~-  1 § An)(u, --u,) --Po § 1.41v~ (u.~- ux ) __ AlU~Vx(v__ v~)], (14, 

and, correspondingly,  for 

B~ (~2) = 2 ]//-  9" ~ ~ ~ 

1 ~_ ~_(A 1 ~_ Aa)(u.__ul)P + ~. AI~.~ ( u : _  ttl) _ ~_ AlUlWl (w" _ wl)}" (15) 
9 

Taking into account Eqs. (13), (14), and (15), we find direct ly that 

1 A~v~(u__ux ) + AlUlUI(~n__D1 ) .~_ 1A1~.)12 ( .2_ul)  "~U Al"lWl(w2-- ~31)1} * (16) + ~  

(11) 

(U2--Ul) 3 and 

F r o m  Eq. (16), taking the transi)ort  velocit ies of the colliding molecules as being equal, we easily obtain the 
c lass ical  value for the quantity B 5 (4 3 + ~ 2  + ~2), evalulated by Boltzmann [13]. 

On the other hand, f rom the t ranspor t  equations, following [13], we can also obtain an expression for 
B5(~3 + ~ 2 +  ~ 2 )  

mB~ (~a + ~q2 _~ ~2) = 5p O~-x--" 

From Eqs. (16) and (17) we find the expression 

p(~ + ~ + W)=-- -E R ax + p 

1 
+ + AlO  

where R is some constant. 

(lS) 
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Similar ly ,  we obtain 

o (~-~ -§ n~ ~ + ~-~') 15 R - -  : p A I ' - 2 A  3 T oy ~ -~ , )(v~-o,) 

3 , 1 + 
p 2 Alvi (v., - -  v 0 -~  Alu" ~ (v., - -  vl) 4- Alulv 1 (u., - -  Ul) 

+ -~ AIw i (v.2 - - u l )  + Alvlwl (w.~ - -  w 0 , 

,o(~__~,_u~tl+)= 15 0(-~-) I [(5__,A ~-2Aa) 
----~-- R Oz ' '- 9--~, 2 2 ' ' 

X ( w . , - - w , ) - -  p ~-' 3 ..~ , 1 o , P ~ Alw 1 (~,_ - -  wl) = - ~  Alv~ (w2 - -  ~ )  

1 Alu~ (w2 --wl) + AlwluI(u~.-- u~)] . @ Alwlv 1 (V.:. - -  V~) @ "~ 

According to the Predvodi te lev  hypothesis ,  we have 

auo , auo ~-(Z--Zo) Ouo 1 u l = u o - : -  A ( x - - x  o ) ~  - ( y - y o ) ~  az j ' 

Ouo Ou~ ~ ( z  " Ou~ 1 , 
u, : . o - - A  (~-- Xo) ~ - -  (y--~o) W -- zo,-~-j  

Now substi tuting Eqs. (18)-(20) into Eq. (1), taking account of Eq. (21), and using the notation 

we obtain a genera l i zed  heat-conduct ion equation: 

0Vo 
' Ox 

(19) 

(20) 

(21) 

A1A = 13, (22) 
A2 

A~-AA = v, (2a) 
A~ 

where  R 1 is the gas  constant.  

O T +VoV T = 5 .  _RR AT 2 TdivVo 
Ot 2 p 3 

2R 2 [ (  0Uo Ovo Owo ) OUo ( Ov o OUo 
' 3R~p -3- 2 0 x  Oil Oz ~ + ,20y  Ox 

OWo ) OVo ~ (  ~o auo avo ) o w o ]  
Oz , ~ 2 az Ox ov -Jz 

auo) auo ( &Oo auo ) auo ( avo : auo ) 
ay ~ + " ax az , - ~ z  + ax ay - -  

Ovo owo) avo (Owo  auo) awo 
Oz Oy , - ~ z  Ox Oz Ox 

az av / ~ ! -g (5~ + 4v) r div Vo 

{( +o _+0 ,[ I~ Uo - - +  + ( v g + % )  R~ ax '-- vg ay az ! T ax 

_ + ~  Owo 1 - 2 ' - -  T ( wou~ Ouo auo + (.g + w~) oy + ("~ + ~) o~ J . ~ -  - ~o.o a--j 

ax  ~ + Uo~o ax --&-/ J ' 

Ovo 
Ox 

(24) 

2. D i s c u s s i o n  o f  R e s u l t s  

The heat -conduct ion equation (24) d e s c r i b e s  the p r o c e s s  of heat  t r a n s p o r t  in a r a r e f i ed  gas  and is s imi la r  
in f o r m  to the c l a s s i c a l  express ion ,  except  for  the diss ipat ion function. 
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We see that allowing for the effect of gradients of t ransport  velocities in a rarefied gas has led to the 
appearance of additional t e rms  in the dissipation function, each coinciding in structure with the term T divV0, 
while the remainder  have a more specific form. When there are considerable gradients of t ransport  velocities 
over the volume elements,  the contribution of the te rms with coefficients fl and T will be appreciable. Even 
in the case of an incompressible gas the dissipation energy due to the specific terms can be appreciable. 
Clearly, one must take account of this kind of variation of the dissipation function, due to volume elements, in 
the case of gases and liquids which have a complex microstructure.  

NOTATION 

V, total molecular  velocity vector; u, v, w, components of the molecular velocity describing an ordered 
motion; ~, ~, ~, components of the molecular velocity describing a random motion; p, pressure;  D, density; 
u0, v 0, w0, components of the hydrodynamic volume element; T, temperature;  fl, T, R, constants. 
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E X E R G Y  R E P R E S E N T A T I O N  IN T H E  T H E R M O D Y N A M I C S  

OF I R R E V E R S I B L E  P R O C E S S E S  

G. P .  Y a s n i k o v  and  V. S. B e l o u s o v  UDC 536.70 

It is proposed to use the exergy of a system as the thermodynamic Lagrangian. The correspond- 
ing variational principle is formulated and its relationship to other variational principles of non- 
equilibrium thermodynamics is demonstrated. 

For  constant parameters  of the surrounding medium the exergy is a function of the thermodynamic state 
[1, 2] and in general  depends on the generalized coordinates and velocities xi, xi" For the case of flux the 
exergy may be expressed in the form of two alternative forms (Euler and Lagrange) [3]: 

8E -~  6 E  (L) -l- 6K, (1) 
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